We consider a nonrelativistic cosmological model introduced in [1] and derived as the nonrelativistic limit (or approximation at sub-Hubble scales) of a general relativistic model in [3, 4] . The latter is defined by an energy-momentum tensor containing only dust and a nontrivial energy flow. The nonrelativistic limit contains in leading order a 1st-order relativistic contribution to the spatial curvature whose time-dependence drives the accelerated expansion of the Universe (we do not need any kind of dark energy). Analytic solutions of the model are fixed by three constants (initial conditions). In the present paper we use our model as a toy model by adjusting the three constants in two different ways to a second order polynomial fit by Montenari and Räsänen [5] to the observed expansion rate H(z) for z 2 (mainly cosmic chronometer data). In scenario 1 we adjust our model to this fit and its derivative at the self-consistently determined transition redshift zt. In scenario 2 we use the same fit at zt and in addition H(z) at decoupling (z = 1089). The Hubble parameter H0 is taken from the polynomial fit in [5]: H0 = 64.2km/s/M pc. For both scenarios we obtain a satisfactory agreement between predicted and observed H(z) values. But the outcomes for the curvature function k(z) are completely different: In scenario 1 we obtain a strong variation of k(z) ranging from k(0) = −1.216 up to k(2.33) = 0.718. On the other hand scenario 2 shows an almost constant value for k(z) ∼ −1 for all z 2 in agreement with the polynomial fit to one of the FRW consistency conditions performed in [5] .
Introduction
It is beyond any doubt that the present Universe undergoes a phase of (real or apparent) accelerated expansion (cp. [6] and the literature cited therein). Almost all observations are in good agreement with the standard cosmological model, however some observations are in disagreement with this ΛCDM model (see [7] ).
Two alternative strategies to the ΛCDM model are under discussion. In the first category one introduces some kind of "new physics" by changing Einstein's field equations (EFEs) either by modifying the geometrical part of the EFEs (called modified gravity), or by changing the matter part by adding some scalar, vector or tensor fields.
In the second category one considers accelerated expansion as an apparent effect due to averaging over inhomogeneities in the Universe (called backreaction, see [8] for a recent review).
For cosmological models based on averaging over inhomogeneities, one comes to the conclusion that the present day cosmic acceleration is due to a negative spatial curvature [9] (see also [10] , [11] , [12] ). A comparison of such backreaction effects with observations has been undertaken in [13] . Furthermore numerical solutions of Einstein's field equations for a Silent Universe show "that the spatial curvature emerges due to nonlinear evolution of cosmic structures" [14] .
Whether a nontrivial spatial curvature exists can be tested by means of FRW consistency conditions (see [5] ). One of them relates the FRW curvature parameter k H to the dimensionless expansion rate
Any z-dependence of k H would be a sign for violation of the FRW model. In a very recent paper Montenari and Räsänen have tested (1) by means of polynomial fits to observed values of the expansion rate (second order polynomial) and the luminosity distance d L (z) (fourth order polynomial). It turns out that k H is almost constant for z 1.4 (see fig. 6b in [5] ; for any details we refer to [5] ).
In the present paper we will show that a nonrelativistic cosmological model introduced in [1] and derived as the nonrelativistic limit (approximation at sub-Hubble scales) of a general relativistic model in [3, 4] is able to mimic such a behavior. By an appropriate choice of three integration constants (see scenario 2 below) we obtain for the curvature function the prediction k(z) ∼ −1 for z 2.
The paper is organized as follows: In section 2 we review the essentials of our cosmological model. Two different ways (scenario 1 and scenario 2) of adjusting the three integrations constants of the model to a polynomial fit by Montenari and Räsänen [5] to H(z) data are described in section 3. In section 4 we summarize the numerical results and conclude in section 5 with some final remarks.
Cosmological model
We consider a self-gravitating fluid (velocity field u µ ) with the following properties:
-The fluid flow is geodesic (vanishing acceleration).
-The fluid flow is irrotational.
-The energy-momentum tensor (EMT) T µν , which represents the right hand side of Einstein's field equations (EFEs) (κ ≡ 8πG; G µν denotes the Einstein tensor)
is supposed to be pressure-less and stress-free. Therefore the EMT is decomposed as
where ρ is the energy density in the comoving frame and q µ is the energy flow vector (u µ q µ = 0.) ). The energy density ρ consists of the dark sector contribution as well as the baryonic part.
In the nonrelativistic, shear-free limit (or at sub-Hubble scales) we obtain the following system of three coupled ordinary differential equations for the cosmological scale factor a(t), the active gravitational mass density ρ(t) (we defineρ ≡ κa 3 ρ/6 ) and the energy flow vector
with the curvature function
is the spatial curvature) given by the Hamiltonian constraint
We eliminate the function q(t) by integrating (6)
where the constant K 1 is determined by the initial value of q. The resulting dynamical system possesses two constants of motion Q 2 and Q 3 [2,3]
On the solution space of (4)- (6) the Q i (i = 2, 3) take constant values K i which are determined by the initial values of ρ and H. After all we get from (9) energy density ρ and expansion rate H ≡ȧ a as functions of the redshift z (1 + z ≡ a −1 ). In dimensionless units
we obtain the following system of two coupled algebraic equations forρ(z) and h(z)
and
Supposed the k i (i = 1, 2, 3) take positive values. Then, with the definition of the transition redshift
our cosmological equations (4), (11) and (12) describe for z > z t (ρ > 0) a decelerating phase and for z < z t (ρ < 0) an accelerating phase of the Universe [1, 2] . Our primary interest is to obtain explicit expressions for the transition rate h(z) and the dimensionless curvature function k(z) ≡ K(z)/H 2 o . To achieve this we
• square eq. (11) and get by means of (12) a cubic equation for h(z)
• insert (12) into (7) and get k(z) in terms of h(z)
with the + sign for z > z t and the − sign for z < z t .
For z = 0 eq. (14) leads to a constraint between the three k i
Fixing the integration constants by observations
We have to fix the values of two independent constants k i and the value of the Hubble parameter H 0 by means of some data for the expansion rate H(z). The only data for H(z) which are independent of any cosmological model are the cosmic chronometer data (cp. table 1 in [5] ). But these data possess still rather large errors. Furthermore our cosmological model is a nonrelativistic model, its validity at larger redshifts is doubtful. So, a least-squares fit of these three constants to cosmic chronometer data seems not to be the very best. Instead we use our model as a toy model. We will show that two different adjustments of these constants to data for H(z) lead both to a satisfactory agreement between predictions and observations. But the outcomes for the curvature function k(z) become very different in the two scenarios.
For both scenarios we use the following second order polynomial fit by Montenari and Räsänen to the H(z) data (table 1 of [5] ) [15] h(z)
where we have listed only the mean values for the coefficients h 1,2 .
For the Hubble parameter we take H 0 = 64.2km/s/M pc determined by the same fit [5] .
Scenario 1
We determine the three constants k i by adjusting h(z) and h ′ (z) at the self-consistently determined transition redshift z t to the polynomial fit (17) . We proceed in three steps:
• From the definition of the transition redshiftä | z=zt = 0 we obtain, model independent
Using (17) in (18) we get z t = 0.58377 . (19) * Eq. (12) taken at z = z t leads by means of (17) and (19) to
• The constraint eq. (16) may be rewritten as
leading by means of (19) and (20) Numerical results for the expansion rate H(z) and the curvature function k(z) for these values of the constants k i are given in table 2, section 4.
Scenario 2
In scenario 1 we have used besides the polynomial fit for h(z) also its derivative. But the derivative of a fitting function is less reliable then the function itself. So, in scenario 2 we use instead of h ′ (z) the value of the expansion rate at decoupling which, to a large extent, is independent of the late time cosmology [16] (c denotes the velocity of light)
The asymptotic behavior of h(z) for z ≫ 1 is determined, according to (14) , only by the constant k 1
So, for z = 1089 and by using (22) and H 0 = 64.2km/s/M pc we obtain from (23)
Furthermore we use again the polynomial fit (17) at the self-consistently determined transition redshift z t . Then we obtain from (20, 21) a coupled system of two algebraic equations for x = z t and y = k 2 /k 1
With (24) we obtain the solution
Finally by using (13) we get for the remaining constants k 2,3 k 2 = 0.0020773 and
The values for the three constants k i given in (24) and (28) 
Results and conclusions
In this section we will summarize our results. In table 1 we specify the constants k i for both scenarios.
In table 2 we list the corresponding predictions for the expansion rate H(z) and the curvature function k(z) compared to data for H(z) and to the polynomial fit (17) . Table 1 : The constants k i for scenario 1 and scenario 2, determined in section 3. [5] ; data marked with a * are data, all others are cosmic chronometer data)) versus polynomial fit H pol [5] (3rd column; see eq. (17)) and predictions for H(z) from scenario 1 (4th column) and scenario 2 (6th column). For the polynomial fit as well as for the predictions we have used H 0 = 64.2km/s/M pc [5] . The 5th and the 7th column show the predictions for the curvature function k(z) for scenario 1 and scenario 2.
Comments on the results for scenario 1:
The predictions for the expansion rate H(z) (see table 2) are well behaved for z 1.363 but they become too large for z 2. The reason for this is presumably the nonrelatistic nature of our model. Indeed we expect relativistic corrections for larger z-values. The curvature function k(z) shows a strong variation with redshift z and a transition from a hyperbolic to a spherical space at a z-value between z = 1.363 and z = 1.965.
Comments on the results for scenario 2:
The predictions for the expansion rate H(z) (see table 2) are systematically higher than those of scenario 1 for z 1, but they are still good-looking. For higher z-values the agreement with the data becomes better. This is no surprise in the light of our adjustment to H(z) data at decoupling.
But the predictions for the curvature function k(z) are completely different from those of scenario 1. They show an almost constant behavior k(z) ∼ −1 for all z 2 in agreement with the polynomial fit to the FRW consistency condition (1) [5] . This almost constant behavior follows from the small value for k 1 (24), as the slope of k(z) is proportional to k 1 (take the time derivative of (7) and use (4), (5) and (8))
Asymptotically (z ≫ 1) we obtain from (15) and (23) k(z) ∼ 6
leading at decoupling to
So, at decoupling, we have a spherical space for both scenarios.
Final remarks
Our results show that the observation of an almost constant curvature function k(z) from the FRW consistency condition (1) [5] is not automatically an evidence for the validity of the FRW model. Of course, the FRW model is one possible model in this case, but it is not the only one. Using our nonrelativistic cosmological model as a toy model by adjusting three free constants (initial conditions) to a polynomial fit by Montenari and Räsänen to H(z) data for z 2 and to the expansion rate at decoupling our model generates a dynamically determined curvature function which is almost constant for z 2. Certainly this does not proof that our model describes the mechanism which produces such a behavior. But it has been shown that another mechanism than the FRW model, where a constant curvature k is an ad hoc parameter, is possible.
To answer the question, whether our cosmological model can be more than a toy model we should progress in two respects:
• We should either provide a cosmological solution of the general relativistic equations (2, 3) or, at least, evaluate some relativistic corrections to the present nonrelativistic model.
• Our model should pass more cosmological tests. Besides expansion rate and curvature function we have until now only the stationary solution of equations (2, 3) described by one nonlinear ordinary differential equation for the gravitational potential [17] whose weak field limit [4] describes successfully galactic halos [2] .
